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ABSTRACT 
 

Precise point positioning (PPP) which uses ionosphere-free combination has 

been investigated for many years. In such conventional PPP model, the 

ambiguity parameters cannot be resolved to integers due to uncalibrated 

phase biases. These biases can be compensated by decoupled satellite clock 

(DSC), or fractional cycle bias (FCB), or integer recovery clock (IRC). 

These bias compensations are all based on ionosphere-free PPP (IF-PPP) and 

Melbourne-Wubbena combination in which the wide-lane (WL) ambiguity 

and narrow-lane (NL) ambiguity are fixed successively. Their performances 

with numerical analysis need to be further investigated. In addition, the 

vertical accuracy with PPP-AR is much worse than the horizontal 

component due to many factors, one of which is the limited accuracy of 

troposphere correction or weak zenith wet delay (ZWD) estimation. 

 

In this study, the IRC and FCB based PPP-AR methods with ionosphere-free 

PPP are systematically compared. Firstly, we introduce the integer property 

recovery of these methods to justify their equivalence. Moreover, 

numerical analysis is conducted to evaluate the performances of these 

methods. The results indicate that although these methods are equivalent in 

theory, the performance is slightly different due to the biased property of 

FCB estimation and different processing strategies in IRC based PPP-AR. 

Furthermore, it is demonstrated that vertical positioning accuracy can be 

improved with proper troposphere constraints.      

 

KEYWORDS: Precise Point Positioning, Integer Ambiguity Resolution, 

Fractional Cycle Bias, Integer Recovery Clock, Troposphere Delay 
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1. INTRODUCTION 
 

Precise Point Positioning (PPP) is a Global Navigation Satellite System (GNSS) positioning 

method to precisely determine the position of any point around the globe by using a single 

GNSS receiver with precise orbit and clock products, such as from International GNSS 

Service (IGS). It was firstly proposed in the 1990s to achieve positioning accuracy at 

decimetre even to centimetre level (Zumberge et al., 1997; Kouba and Héroux, 2001). 

Currently it has become a useful positioning tool in a number of potential applications, such 

as aerial triangulation (Shi et al. 2016), GPS meteorology (Li et al. 2015), earthquake/tsunami 

monitoring and early warning (Li et al. 2013a), etc. 

 

In the traditional mathematical model of PPP, dual-frequency code and phase observations are 

combined to form ionosphere-free observations, which can eliminate the lower order term 

(about 99%) of ionospheric error (Kouba and Héroux, 2001). But the linearly combined 

observations also cause several adverse effects, e.g. amplification of observation noises and 

multipath effects. Externally derived ionospheric information cannot be incorporated in the 

ionosphere-free model. In addition, the ambiguity parameter is treated as real value in 

conventional PPP and it usually takes about 30min until the positioning accuracy of 10cm is 

obtained (Bisnath and Gao 2007), which prevents PPP from being widely used in real-time 

applications.  

 

PPP-AR is expected to improve the desired positioning accuracy with short convergence time. 

Many researchers have contributed to the development of PPP-AR methods over the years. 

With various methods to compensate phase biases, three typical methods are well-known: 

fractional cycle bias (FCB) method (Ge et al. 2008), integer recovery clock (IRC) method 

(Laurichesse et al. 2008) and decoupled satellite clock (DSC) method (Collins 2008). 

Teunissen and Khodabandeh (2015) justified that they are theoretically equivalent. Similar 

conclusions can be found in the publications of, for instance, Geng et al. (2010), Shi and Gao 

(2014), etc. A significant improvement of positioning accuracy can be achieved by PPP-AR 

as compared with ambiguity-float PPP, especially in the east component (Ge et al. 2008). But 

the time to first fix (TTFF) is still relatively long, about 20 min. However, the vertical 

accuracy with PPP-AR is still much worse than the horizontal component due to many 

factors, one of which is the limited accuracy of troposphere correction or weak ZWD 

estimation. 

 

In order to overcome the drawback of traditional PPP, uncombined PPP (U-PPP) model was 

proposed (Keshin et al., 2006). In this model, line of sight (LOS) ionosphere delay on L1 

frequency is estimated as an unknown parameter for each satellite and epoch. Li et al. (2013b) 

modified the FCB method and extended it to U-PPP model. In this implementation, the slant 

ionosphere delays are estimated with proper temporal and spatial constraints while the FCBs 

on L1 and L2 frequency can be estimated separately. The TTFF can be shortened to several 

minutes by employing such method.   

 

Although many researchers have implemented different PPP-AR methods based on IF-PPP, 

few papers compare them systematically with numerical analysis. In this study, we compare 

the performances of FCB and IRC based PPP-AR methods. The impact of troposphere delay 

on PPP-AR is also analysed. The structure of the paper is as follows: In Section 2, the basic 

observation equations and the format of estimated FCB with IGS satellite clock and integer 

phase clock are presented in order to prove the equivalence of FCB and IRC based PPP-AR 

methods in terms of integer property recovery. In Section 3, the PPP-AR processing strategies 



 

 

 

and troposphere delay modelling method to enhance PPP-AR performance are introduced. In 

Section 4, specific numerical analysis is conducted to validate the equivalence of FCB and 

IRC based PPP-AR methods. Meanwhile, the impact of troposphere delay on PPP-AR is also 

demonstrated. Finally, some concluding remarks are put forward and the future research 

issues are proposed. 

 

 

2. FCB ESTIMATION WITH IGS SATELLITE CLOCK AND CNES INTEGER 
PHASE CLOCK  
 

For a specific satellite s and receiver r pair, the observation equations of raw GPS 

pseudorange P and carrier phase L are expressed as: 

 

                                                          (1) 

 

                                          (2) 

 

where subscript i represents the frequency of GPS observation; denotes the geometric 

distance;  is the speed of light in vacuum;  and  are receiver and satellite clock offset; 

 is the slant troposphere delay;  is the slant ionosphere delay on frequency i;  is the 

wavelength of the frequency i;  is the integer ambiguity on frequency i; and  are the 

receiver and satellite code instrumental delays on frequency i due to the transmitting and 

receiving hardware;  is the combination of receiver phase instrumental delay and initial 

phase bias on frequency i;  is the combination of satellite phase instrumental delay and 

initial phase bias on frequency i;  and  are the measurement noises and multipath 

effects of pseudorange and carrier phase. Other error terms, such as relativistic effects, 

antenna phase centre offsets and variations (Schmid et al. 2005) of satellite and receiver, 

phase wind-up (Wu et al. 1993), tide loading and so on, are precisely corrected with 

corresponding models in advance. In order to fix integer ambiguities in (1) and (2), the phase 

biases need to be compensated. 

 

 
2.1 FCB estimation with IGS satellite clock products 
 

The satellite clock products from IGS can be expressed as (Dach et al. 2009): 

 

                                                                                                                (3) 

 

where    

 

The observation equations of ionosphere-free GPS pseudorange PIF and carrier phase LIF are 

expressed as: 
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where  is the estimated receiver clock offset which absorbs the ionosphere-free code 

instrumental delays, and with: 

 

                                                                                    (6) 
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In PPP-AR,  is often decomposed into integer WL ambiguity and float NL ambiguity 

for ambiguity-fixing, i.e.: 

 

                     (10)      

 

where  is the wavelength of NL combination, . 

 

Float WL ambiguity can be calculated by taking the time average of the Melbourne-Wübbena 

(MW) combination observations (Melbourne 1985; Wubbena 1985): 

 

                           (11) 

 

where  is the wavelength of WL combination, . 

 

Firstly, can be fixed to integer WL ambiguity  based on the following equation: 

 

=                                     (12) 

 

By substituting (1), (2) and (11) into (12): 

 

 
                            (13) 

 

After WL ambiguity is successfully fixed to correct integer ( ), by substituting (5) and 

(7) into (10), the derived float NL ambiguity can be expressed as: 

 

                                                                (14) 

 

and: 

 

                                                (15) 

 

By substituting (14) into (15): 

 

                                                  (16) 

 

By applying the single difference between satellites j and k to (13) and (16), the single-



 

 

 

differenced (SD) WL and NL satellite FCBs can be expressed as: 

 

                                   (17) 

                             (18) 

 

where  is the single differencing operator. 

                                      

                                                     
2.2 FCB estimation with CNES integer phase clock products 

 

The integer phase clock products from Centre National d’Etudes Spatiales (CNES) used in 

IRC based PPP-AR can be expressed as (Loyer et al. 2012): 

 

                                      (19) 

 

IGS code clock is applied to code observations while CNES phase clock is applied to phase 

observations. Thus the ionosphere-free code observation equation is the same as (4). 

Assuming the estimated receiver clock offset in the phase observation equation is : 

 

 
                                                               (20) 

 

MW combination observations are still used in WL ambiguity fixing, thus the SD WL FCB is 

the same as (17). By substituting (7) and (20) into (10), the float NL ambiguity becomes: 

 

                              (21) 

 

                                                              (22) 

 

By applying the single difference between satellites j and k to (22): 

 

                                                                                                                         (23) 

 

From the equations above, it can be concluded that the WL ambiguity fixing is the same for 

FCB and IRC based PPP-AR because MW combination observations are used. After 

correcting the SD NL FCB, the integer property of SD NL ambiguity can be recovered in 

FCB based PPP-AR. If integer phase clock is employed, the integer property of SD NL 

ambiguity can directly be recovered without any corrections according to (23). The only 

difference is that additional (phase) receiver clock offset needs to be estimated in the phase 

observation equation and the NL ambiguity of one satellite is fixed to arbitrary integer to 

define the ambiguity datum (Shi and Gao 2014) in IRC based PPP-AR. But the model 

redundancy still remains the same as FCB based PPP-AR. Thus these two methods are 

theoretically equivalent in terms of integer property recovery. Moreover, the fixed integer SD 

ambiguities are in fact double-differenced ambiguities according to Teunissen and 

Khodabandeh (2015).     

 

 

3. PPP-AR AND TROPOSPHERE DELAY DERIVATION 
 



 

 

 

3.1 PPP-AR processing strategy 
 

The undifferenced satellite FCB can be generated from a global reference network by using 

the similar strategy discussed in Li et al. (2013b), quality control for least-squares estimation 

is also employed to reject potential outliers. In fact, we can only obtain the optimal estimate 

instead of the truth value of FCBs. After the undifferenced float ambiguities are obtained 

from float PPP solution, they are firstly transformed into SD format by choosing a reference 

satellite with highest elevation angle. Then PPP-AR can be conducted in two sequential steps. 

Firstly, after correcting SD WL satellite FCBs, the SD smoothed WL ambiguities can be 

easily fixed by rounding. After SD WL ambiguities are successfully fixed, SD NL 

ambiguities can be derived according to Eqs. (10) and corrected with SD NL satellite FCBs 

(not corrected in IRC based PPP-AR). Then Least-squares AMBiguity Decorrelation 

Adjustment (LAMBDA) method (Teunissen 1995) is applied to search for the optimal integer 

solution of SD NL ambiguities. Finally, the fixed SD WL and NL ambiguities are transformed 

back to IF ambiguities. In addition, the R/W-ratio and bootstrapped success rate test are used 

to validate the integer ambiguity solution. The test thresholds are set as 3.0 and 0.999, 

respectively.  

 

It is crucial for the ambiguities to be correctly fixed. However, in many situations reliable 

ambiguity resolution is not feasible due to biases in the data, thus model strength is not 

enough to resolve the full set of ambiguities with a sufficiently high success rate. In those 

cases, Partial Ambiguity Resolution (PAR) can be useful. In order to resolve as many correct 

integer ambiguities as possible, a subset of the ambiguities is selected which can be fixed 

reliably. All the float ambiguities are sorted in the order of ascending estimate precision. 

Firstly, choose the first two ambiguities as the ambiguity subset, then try to fix this subset by 

LAMBDA and validate the integer solution. If all the validation tests pass, add the third 

ambiguity into the ambiguity subset. These procedures are repeated until the largest 

ambiguity subset is determined.      

 
 
3.2 Troposphere delay interpolation 
 

After successful and reliable PPP-AR, the resolved integer ambiguities can be converted to 

accurate range measurements and accurate troposphere delay can be determined if the station 

coordinates are fixed. In order to enhance the ambiguity resolution at a user station, the 

ambiguity-fixed and coordinate-fixed troposphere delay can be firstly retrieved from 

surrounding reference networks and then interpolated just like Network Real Time Kinematic 

(NRTK). As for PPP, we have modified the Linear Combination Method (LCM) method as 

(Han 1997): 

 

                                                                                 (24) 

 

with:  

 

                          (25) 

 

where  and  are the differences of the plane coordinate between the reference 

stations and user station. 



 

 

 

By applying Lagrange multipliers approach to (24) and (25): 

 

                                                                         (26) 

 

where ,  and  are three Lagrange multipliers. 

 

The interpolated atmosphere corrections at a user station can be derived by the following 

equation: 

 

                                                                                                    (27) 

   

where  are the atmosphere corrections at reference stations,  can be calculated by 

Eq.(26). 

 

The accuracy of interpolated atmosphere corrections can be assessed by the residuals of 

atmosphere delay: 

 

                                                                                          (28) 

 

where  is the atmosphere delay residual,  is the interpolated atmosphere 

delay, and  is the estimated atmosphere delay in PPP-AR. 

 

At a user station, the atmosphere delay can be constrained by the interpolated atmosphere 

corrections with proper stochastic models which are determined by the interpolation accuracy.  

         

 

4. NUMERICAL ANALYSIS 
 
4.1 FCB Estimation results 
 

In order to evaluate the performance of FCB estimation, around 160 globally distributed IGS 

stations on DOY 183, 2016 were selected. Both IGS satellite clock and CNES integer phase 

clock were used to derive FCBs. FCB of one satellite is fixed to zero. WL FCB could be 

estimated as a daily constant for each satellite due to its long-term stability, while NL FCB 

was estimated as a constant every 15 min thus there are 96 sets of NL FCBs in total in one 

day.  

  

The quality of FCB estimation can be indicated by the posteriori residuals of float ambiguities 

used in FCB estimation. Figure 2 shows the residuals of WL ambiguities and NL ambiguities 

in the randomly selected 50
th

 session. In general, a more consistent FCB estimation is 

expected if the residuals are close to zero. It can be seen that the Root Mean Square (RMS) of 

WL ambiguities is about 0.1 cycles while the RMS of NL ambiguities in the 50
th

 session is 

about 0.07 cycles, which indicates a good consistency between the estimated FCBs and input 

float ambiguities.  



 

 

 

 
Figure 1. Distribution of selected IGS stations   

 

 

  
 

Figure 2. Residuals of WL ambiguities (left) and NL ambiguities in the 50
th

 session (right)   

 

 

If the integer phase clock is employed in FCB estimation, according to Section 2, the SD WL 

FCB should be the same as the estiamted FCB with IGS satellite clock while the SD NL FCB 

should be zero. Thus it can be used to analyze the biased property of FCB estimation. The 

difference between the estimated SD WL FCBs with IGS satellite clock and integer phase 

clock are plotted in Figure 3 while the 96sets of SD NL FCBs estimated with integer phase 

clock are plotted in Figure 4. The difference of SD WL FCB is below 0.04 cycles for all the 

satellites. SD NL FCBs are below 0.1 cycles for all the satellites and the RMS is about 0.01 

cycles. Thus the bias of FCB estmation is relatively small and the estimated high-accuracy 

FCBs can be used for reliable PPP-AR.  

 



 

 

 

 
 

Figure 3. Difference between the estimated SD WL FCBs with IGS satellite clock and  

integer phase clock (G31 as the reference satellite) 

 

 
 

Figure 4. SD NL FCBs estimated by integer phase clock  

(G31 as the reference satellite) 
 

 
4.2 Comparision of FCB and IRC based PPP-AR results 

 

155 stations from CORSnet-NSW were used in PPP-AR and none of them were used in FCB 

estimation. For each station, the 24-hour data was divided into 24 hourly sessions. In total, 

there are 3720 sessions. All the datasets were processed in static mode with FCB and IRC 

based PPP-AR. The ambiguity-fixed solutions were compared with the true value of the 

station coordinate to obatin the position error. PPP-AR performance was evaluated in terms of 

positioning results, TTFF and correct fixing rate. 

 

 Correct fixing rate 

 

We regard the positioing results at and before the first ambiguity-fixed epoch as the PPP-fixed 

and PPP-float solution respectively. The ambiguity is assuemd to be wrongly fixed if the 3D 

positioning bias of PPP-fixed solution is larger than 5 cm and the horizontal positioning bias 



 

 

 

of  PPP-fixed solution is larger than PPP-float solution. Based on this assumption, the correct 

fixing rate of PPP-AR can be calculated, and are shown in Table 1. 

 

 

PPP-AR 

methods 

Total 

Solution 

Correct 

Solution 

Correct Fixing 

Rate 

FCB 3683 3652 99.16% 

IRC 3684 3654 99.19% 

 

Table 1. Correct fixing rate of FCB and IRC based PPP-AR 

 

 

It can be seen that the number of total solutions is below 3720 because ambiguity-fixed 

solution cannot be obtained in 1 hour for some sessions. The correct fixing rate of FCB and 

IRC based PPP-AR are nearly the same (above 99%) and the ambiguity search and validation 

approaches do not always perform well for PPP-AR in all cases.  

 

 Static positioning results 

 

After removing the wrong PPP-AR solutions, the RMS of positioning biases in east, north and 

up directins for the remaining sessions are summarized in Table 2. 

 

 

PPP-AR methods East North Up 3D 

FCB (float) 7.71 2.80 8.04 11.49 

FCB (fixed) 0.88 0.60 3.67 3.82 

IRC (float) 8.08 2.90 8.03 11.75 

IRC (fixed) 0.75 0.55 3.00 3.16 

 

Table 2. RMS of positioning bias for FCB and IRC based PPP-AR (Unit: cm) 

 

 

It can be seen that the positioning results of IRC based PPP-AR is slightly better than FCB 

based PPP-AR, because the NL FCBs are fully absorbed in the integer phase clock thus FCB 

estimation which is actually a biased solution can be avoided in IRC based PPP-AR. In 

addition, ambiguity fixing provides a considerable improvement in the positioning accuracy, 

especially in the east component (from about 8 cm to below 1cm), but the vertical accuracy 

(about 3~4 cm) is still worse than the horizontal accuracy (below 1cm), which may be due to 

the unmodelled errors in troposphere delay. The impact of troposphere delay on PPP-AR will 

be analysed in the next section. 

 

 TTFF 

 

The distribution of TTFF for FCB and IRC based PPP-AR is demonstrated in Figure 5. 

 



 

 

 

  
 

Figure 5. TTFF of FCB (left) and IRC (right) based PPP-AR 

 

The average TTFF for FCB and IRC based PPP-AR is 24.5 and 24.2 min, respectively. 

Slightly better performance is also achieved with IRC based PPP-AR. We employ a strict 

ambiguity validation to decrease AR failure rate. As a result, it is obvious that the TTFF is 

much longer than the normal convergence time of IF-PPP to achieve the first ambiguity-fixed 

solution. If we  decrease the threshold of success rate test and ratio test, i.e. to 0.99 and 2.0, 

TTFF can be further shortened but more ambiguities may be wrongly fixed. Therefore, there 

is a trade-off between the correct AR rate and the TTFF.   

 

 
4.3 Impact of troposphere delay on PPP-AR     
 

In order to evaluate the impact of troposphere delay on PPP-AR, four stations (FTDN, 

MGRV, PCTN and WFAL) from CORSnet-NSW in New South Wales, Australia were 

selected as a reference network and station VLWD was chosen as roving station. The 

distribution of the network stations is shown in Figure 6. The average inter-station distance is 

about 30km. 

 

 
 

Figure 6. Distribution of the selected stations in CORSnet-NSW   



 

 

 

Ambiguity-fixed and coordinate-fixed troposphere delays were firstly retrieved at the four 

reference stations, and then interpolated at VLWD according to the interpolation method 

discussed above. Compared with the ambiguity-fixed troposphere delay in VLWD, the 

troposphere delay residuals can be derived and shown in Figure 7. 

 

 
 

Figure 7. Troposphere delay residuals at station VLWD (1~24h) 

 

 

It can be found that all the residuals are below 2cm. The RMS of residuals is about 5mm, 

which can be used to determine the stochastic model of troposphere delay pseudo 

observations to enhance the PPP-AR solutions. Figure 8 shows the PPP-AR solutions with 

and without troposphere delay constraint. It can be seen that the TTFF can be slightly 

shortened and vertical positioning accuracy can be significantly improved from decimetre to 

centimetre level with proper troposphere constraints. 

 

 

 
 

Figure 8. Comparison of PPP-AR solutions with and without troposphere delay constraint 



 

 

 

In addition, we analysed the impact of troposphere delay on PPP-AR on a global scale. The 

same stations involved in FCB estimation were used. The troposphere products from IGS 

were employed as the constraints on the troposphere delay. The positioning results and TTFF 

for PPP-AR are summarized in Table 3. It is shown that the vertical accuracy and TTFF are 

both slightly improved. 

 

 

 East North Up 3D Mean TTFF 

 PPP-AR 0.62cm 0.71cm 2.17cm 2.37cm 28.8min 

PPP-AR+TRO 0.65cm 0.72cm 1.99cm 2.21cm 27.3min 

 

Table 3. Performance of PPP-AR with and without troposphere constraint 

 

 

5. CONCLUDING REMARKS 
 
 

Two types of PPP-AR methods, FCB and IRC based PPP-AR, are compared by theoretical 

and numerical analysis. They are proved to be theoretically equivalent but IRC based PPP-AR 

slightly outperforms FCB based PPP-AR due to the biased property of FCB estimation. 

Ambiguity fixing provides a considerable improvement in the positioning accuracy, 

especially in the east component, and vertical positioning accuracy can be improved with 

proper troposphere constraints. 

 

However, even with the implementation of PPP-AR, the convergence time is still of the order 

of tens of minutes. In fact, the key issue of instantaneous PPP—AR is how to obtain the 

accurate ionosphere delay. Thus PPP-AR based on uncombined PPP model needs to be 

further investigated.  Moreover, due to the biased property of FCB estimation, the quality 

control and reliability analysis of FCB estimation is crucial to FCB based PPP-AR. The 

famous ratio and success rate tests for integer ambiguity validation do not always work well 

for PPP.  

 
The next step of our research will focus on quality control and reliability analysis of FCB 

based PPP-AR. Uncombined PPP model and multi-GNSS PPP will be studied as well. More 

rigorous integer ambiguity validation methods will be investigated to achieve reliable 

ambiguity-fixing PPP solutions. 
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